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This paper derives added mass and frequencies for asymmetric free vibration of coupled
system including clamped circular plate in contact with incompressible bounded ﬂuid.
Considering small oscillations induced by the plate vibration in the incompressible and
inviscid ﬂuid, velocity potential function is used to describe the ﬂuid motion. Derivation
uses Kirchoff’s thin plate theory. Two approaches are used to derive the free vibration
frequency of the system. The solutions include an analytical solution employing Fourier–
Bessel series and a variational formulation applied simultaneously on the plate and ﬂuid.
Strong correlation is found between free vibration frequencies of the two solutions. Finally
the effect of ﬂuid depth on the added mass and free vibration frequencies of the coupled
system is investigated.
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Circular plates in contact with ﬂuid have extensive application in engineering as micro pumps, coolant in integral-type
nuclear reactor, circular disk of butterﬂy valves, etc. The dynamic characteristic of the plate in contact with ﬂuid (wet plate)
is different from that of plate alone (dry plate). A portion of the ﬂuid that oscillates with the plate by increasing the mass of
the coupled system decreases the natural free vibration frequency of the wet plate. This will affect the performance of the
coupled system under dynamic loading.
Theoretical and experimental studies on the natural frequencies of free-edge annular plates resting on free surface or
completely submerged were carried out by Kwak and Amabili [1]. Considering an unbounded ﬂuid domain, they introduced
nondimensionalized added virtual mass incremental (NAVMI) factors in order to estimate the ﬂuid effect on the individual
natural frequencies of the wet plate. Accounting for surface waves Amabili and Kwak [2] derived the response of circular
plate on free ﬂuid surface. They used perturbation method to decompose the mixed boundary condition on the free surface
to two separate problems involving very high and very low frequency problems. Robinson and Palmer [3] carried out a modal
analysis of thin plate ﬂoating on the surface of liquid and oscillating at low frequencies and derived governing equation for
the coupled system. Ginsberg and Chu [4] developed a variational platform to derive the mode shapes of plate in contact
with heavy ﬂuid. Esmailzadeh et al. [5] derived the free vibration frequencies of structural elements containing and or sub-
merged in ﬂuid. They used potential function to calculate hydrodynamic ﬂuid pressure on the structure. The ﬂuid depth has
important effect on the interaction between ﬂuid and structure. Kwak and Han [6] investigated the effect of the ﬂuid depth
on the vibration of free edge circular plate in contact with ﬂuid. Considering the response of the system in high frequency. All rights reserved.
ax: +98 441 2972901.
verdilo).
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and Kim [7] considered the hydroelastic vibration of a circular plate submerged in bounded compressible ﬂuid. Accounting
for compatibility of deﬂection between plate and ﬂuid, they used Fourier–Bessel series to solve the dynamic equilibrium
equation. Jeong [8] derived the added mass and free vibration frequencies for two identical circular plates coupled by
bounded ﬂuid. Espinosa and Gallego-Juarez [9] studied the vibration of plates submerged in water paying attention to the
lower modes using analytical and experimental methods. Zhou and Cheung [10] analyzed the hydroelastic vibration of ver-
tical rectangular plate in contact with water. Cho et al. [11] studied the modal characteristics of a liquid storage tank bafﬂed
with annular plate using coupled structural–acoustic ﬁnite element method. Ostasevicius et al. [12] accounting for viscous
air damping studied the free and forced vibration response of a micro-beam. They evaluated the response considering linear
and nonlinear forms of Reynolds equation. Harrison et al. [13] investigated the response of a plate oscillating near a rigid
boundary accounting for squeeze ﬁlm-damping effect. They showed experimentally that resonance frequency increases as
the distance from the rigid boundary increases.
This paper investigates the free vibration of clamped circular plate in contact with incompressible bounded ﬂuid. Due to
incompressibility of the plate, there is no possibility for axisymmetric vibration of the plate. Considering the compatibility of
the deﬂections and using the Fourier–Bessel series, this paper derives added mass and frequencies for asymmetric free vibra-
tion of the coupled system. The free vibration frequencies of the system are compared with those derived employing vari-
ational formulation. Finally the effect of the ﬂuid depth on the system’s free vibration response is evaluated.
2. Derivation using Fourier–Bessel series
Fig. 1 depicts a circular plate placed over a bounded incompressible and inviscid ﬂuid. Dynamic equilibrium equation of
the plate in contact with ﬂuid isDr4wþ q €w ¼ P; ð1Þ
wherew is the plate deﬂection, D is bending stiffness of the plate, q the plate density and P is the ﬂuid pressure. In the case of
incompressible ﬂuid contained in the rigid vessel, there will not be any contribution from axisymmetric modes in the overall
response. Considering the asymmetric modes, the free vibration mode shapes of clamped circular plate in the air (dry plate)
can be written as [14]wij ¼ IiðkijÞJi
kijr
a
 
 JiðkijÞIi
kijr
a
  
cosðihÞ; i; j ¼ 1;2; . . . ; ð2Þwhere j is the number of diametrical nodes, i is the number of circular nodes, wij is mode shape associated with ith circular
node and jth diametrical nodes, Ii and Ji are Bessel functions of ﬁrst and second kind of order one, and kij is the frequency
parameter. Imposing boundary conditions of the clamped plate, the frequency parameter could be obtained by solving
the characteristic equationJi1ðkijÞIiðkijÞ  JiðkijÞIi1ðkijÞ ¼ 0; i; j ¼ 1;2; . . . ð3Þ
Therefore the plate displacement could be rewritten aswðr; h; tÞ ¼
X1
i¼1
X1
j¼1
IiðkijÞJi
kijr
a
 
 JiðkijÞIi
kijr
a
  
cosðihÞAijðtÞ ¼
X1
k¼1
wkðrÞ cosðihÞAkðtÞ ¼
X1
k¼1
wkðr; hÞAkðtÞ; ð4Þwhere Ak and wk are modal amplitude and mode shape corresponding to a speciﬁc pair of i and j. In other word, a one to one
correspondence between k and pair of (i, j) is assumed.
Considering the free vibration of the plate, Eq. (1) takes the following formr4 wk  k4k wk ¼ 0; k4k ¼
x2kq
D
: ð5Þa
r
z
h
Fig. 1. Clamped circular plate in contact with ﬂuid.
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means that the mode shapes of dry plate are orthogonal.
Assuming an incompressible and inviscid ﬂuid, the ﬂuid movement induced by vibration of plate could be described using
velocity potential function. This velocity potential function u(r, z, h, t) should satisfy the Laplace equationr2u ¼ 0 ð6Þ
together with the following boundary conditionsou
or
 
r¼a
¼ 0; ð7aÞ
ou
oz
 
z¼0
¼ 0; ð7bÞ
ou
oz
 
z¼h
¼ ow
ot
: ð7cÞImposing boundary conditions (7a,b), the solution for velocity potential function becomesuðr; z; h; tÞ ¼
X1
i¼1
X1
j¼1
BijðtÞJi
bijr
a
 
cosðihÞ cosh bijz
a
 
¼
X1
k¼1
ukðrÞ cosðihÞ cosh
bkz
a
 
BkðtÞ ¼
X1
k¼1
ukðr; z; hÞBkðtÞ; ð8Þwhere similar to the notation used for the plate deﬂection, Bij (Bk) and uk are modal amplitude and mode shape correspond-
ing to a speciﬁc pair of (i, j). The value of frequency parameter bij is derived from imposing the ﬁrst boundary condition asJ0iðbijÞ ¼ 0: ð9Þ
Assuming no separation between the plate and ﬂuid, and applying the third boundary condition which describes compati-
bility of deﬂection between ﬂuid and the plate, we conclude thatX1
m¼1
X1
n¼1
BmnðtÞbmna Jm
bmnr
a
 
cosðmhÞ sinh bmnh
a
 
¼
X1
m¼1
X1
n¼1
_AmnðtÞ ImðkmnÞJm
kmnr
a
 
 JmðkmnÞIm
kmnr
a
  
cosðmhÞ
ð10Þ
Multiplying both sides by rJi(bijr/a)cos(ih) and integrating on the plate wet surface, we haveBk ¼ Bij ¼
X1
l¼1
dimakckl _Al ð11Þwhere k and l are corresponding to (i, j) and (m, n), respectively, and dim is the Kronecker delta equal to one for i =m, and is
zero for i–m. In Eq. (11) we haveak ¼ a
bij sinhðbijh=aÞ
Z a
0
rJ2i ðbijr=aÞdr
ckl ¼
Z a
0
rJiðbijr=aÞ
h
ImðkmnÞJmðkmnr=aÞ  JmðkmnÞImðkmnr=aÞ
i
dr
ð12ÞNoting that Ji(bijr/a) are not orthogonal to Jm(kmnr/a) and Im(kmnr/a), this equation shows the coupling between different
modes. Substituting this into Eq. (9) we haveuðr; z; h; tÞ ¼
X1
k¼1
X1
l¼1
dimakckluk cosðihÞ cosh
bkz
a
 
_Al ð13ÞAssuming small plate displacements, and employing linearized Bernoulli’s equation, dynamic ﬂuid pressure exerted on the
circular plate will beP ¼ qf
X1
k¼1
X1
l¼1
dimakckluk cosðihÞ cosh
bkh
a
 
€Al ð14ÞNow the equilibrium equation could be expressed asD
X1
k¼1
r4ðwk cosðihÞÞAk þ q
X1
k¼1
wk cosðihÞ€Ak þ qf
X1
k¼1
X1
l¼1
dmialclkul cosðihÞ cosh
blh
a
 
€Ak ¼ 0 ð15Þ
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0
Z 2p
0
rwl cosðmhÞr4ðwk cosðihÞÞdhdr ¼ 0; k– lZ a
0
Z 2p
0
rwl cosðmhÞwk cosðihÞdhdr ¼ 0; k– l
ð16ÞTaking into account the orthogonality of mode shapes and using N modes in the calculation, the plate equilibrium equation
takes the following formXN
k¼1
dl1dl1kAk þ
XN
k¼1
ðel1dl1k þ gl1kÞ€Ak ¼ 0; l1 ¼ 1; . . . ;N ð17Þwheredl1 ¼ D
Z a
0
rwl1r4wl1 dr
el1 ¼ q
Z a
0
rw2l1 dr
gl1k ¼ qf
XN
l¼1
dmidmi1clkcll1al coshðblh=aÞ
ð18Þhere it is assumed that index l1 is correspondent to the mode designated by (i1, j1). Eq. (17) can be expressed asdAþ ðeþ gÞ€A ¼ 0 ð19Þwhered ¼ diagðdiÞ
e ¼ diagðeiÞ
g ¼ ½gij
ð20ÞTo derive the free vibration frequencies, we assume that the response is harmonicA ¼ Aeixt ð21Þ
Now Eq. (19) takes the form of generalized eigenvalue problemdA ¼ x2ðeþ gÞA ð22Þ
Eigenvalues of this equation gives squared free vibration frequency of the coupled system and eigenvectors of it are mode
shapes of the coupled system. Note that due to introduction of ﬂuid added mass (the term g in the right hand side) the mode
shapes will be different frommode shapes of the dry plate. Knowing the eigenvectors of the coupled system the mode shapes
of the wet plate could be calculated asbwk ¼ XN
k1¼1
Ak1wk1 ð23ÞNow using Eq. (8) it is possible to evaluate the ﬂuid velocity ﬁeld due to vibration of plate in the new mode shape bwk.
3. Variational derivation
Applying variational principle simultaneously on the plate and ﬂuid, it is possible to derive the governing equation for
coupled system. Simultaneous application of the variational principle on the plate and ﬂuid greatly simpliﬁes the treatment
of compatibility of deﬂection between plate and ﬂuid. Assuming that the plate and ﬂuid are always in contact with each
other, the Lagrangian of the plate and ﬂuid reduces to [15]L ¼
Z a
r¼0
Z 2p
h¼0
q
2
ow
ot
 2
 D
2
o2w
or2
þ 1
r
ow
or
þ 1
r2
o2w
oh2
 !224 35rdrdhþ Z a
r¼0
Z 2p
h¼0
qf 
1
2
ou
oz
 
uþ ow
ot
u g
2
w2
 
rdrdh ð24Þwhere the ﬁrst and second terms are the Lagrangian of the plate and ﬂuid, respectively. Decomposing plate deﬂection in
terms of its dry mode shapes and using ﬂuid velocity potential function of Eq. (8) and equating equal to zero the variation
of Lagrangian (for derivation see Appendix), we conclude that
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sBþ r _A ¼ 0 ð25bÞ
where the parameters are deﬁned in the appendix. Eliminating B from Eq. (25a) we haveðdp þ dfÞAþ ðep þ qf rts1rÞ€A ¼ 0 ð26Þ
Again considering harmonic free vibration response, we haveðdp þ dfÞA ¼ x2ðep þ qf rts1rÞA ð27Þ
Comparing with Eq. (22) it could be concluded that in the variational derivation the second term on the right hand side re-
places the added mass matrix g of the Fourier–Bessel derivation. At the same time the stiffness term includes an additional
term (df) representing the ﬂuid added stiffness. Absence of this term in the formulation using Fourier–Bessel derivation is
due to disregarding the term qfwg in the Bernoulli’s hydrodynamic pressure (Eq. (14)). As will be shown in the subsequent
section the added stiffness has no signiﬁcant effect on the free vibration frequencies.4. Veriﬁcation of results
To verify the results, we use the work of Jeong and Kim [7] on a circular plate submerged in bounded compressible ﬂuid,
where they compared their analytical results with those obtained from ANSYS [16]. In this section we only compare the re-
sults employing Fourier–Bessel series with those of aforementioned reference. In the next section the results employing the
Fourier–Bessel series compared to those of variational formulation. Fig. 2 depicts the submerged circular plate in a rigid con-
tainer as is considered by Jeong and Kim. As could be seen the conﬁguration of the system is different from those considered
in this study. In the conﬁguration considered in the reference paper, the added mass has two contributing components from
ﬂuid in the upper and lower containment. To compare our results with those of Jeong and Kim, we evaluate separately the
added mass matrix due to the upper (g1) and the lower (g2) containments, and then add them to obtain the added mass ma-
trix (g).
Table 1 gives the value of different parameters used by Jeong and Kim. The value of ﬂuid bulk modulus is high represent-
ing nearly incompressible ﬂuid. Table 2 gives the value of the frequency obtained in this study using different number of
circular and diametrical nodes compared to the corresponding values taken from the reference paper. Note that only modes
corresponding to asymmetric response of the plate are taken from this reference. As could be seen, increasing the number of
diametrical nodes considered in the analysis, we reach at the same values for frequency of different modes as reported by
Jeong and Kim. For example, increasing the number of nodes the frequency of mode corresponding to one diametrical and
one circular node converges from 136.1 Hz to 123.3 Hz, which show exactly the same value as reported in the reference
work.
The reference paper also includes the results for ﬂuid with lower bulk modulus representing more compressible ﬂuids.
Interesting point in the results is that the change in the frequency of asymmetric modes for more compressible ﬂuids is
small. This means that compressibility has no signiﬁcant effect on the asymmetric modes and explains why there is very
good coincidence between the results of this paper (assuming incompressible ﬂuid) and those of the reference paper
(accounting for compressibility).
Fig. 3 depicts convergence analysis for frequency of four modes with increasing number of diametrical nodes. Note that
always the convergence is from up and the convergence rate is faster for modes with smaller diametrical nodes. Also note
that convergence rate is independent of the number of circular nodes as it could be inferred from Table 2.a
rz
h2
h1
Fig. 2. Clamped submerged circular plate as considered by Jeong and Kim [7].
Table 1
Value of different parameters used in Ref. [7].
Plate radius (mm) 120
Plate thickness (mm) 2
Plate Young modulus (GPa) 69
Plate mass density (kg/m3) 2700
Plate Poisson’s ratio 0.3
h1 (mm) 60
h2 (mm) 20
Fluid density (kg/m3) 1000
Fluid bulk modulus (GPa) 22
Table 2
Frequency of different modes calculated using different number circular and diametrical nodes compared to those of Ref. [7].
No. of
circular and
diametrical
nodes
fk No. of circular
and diametrical
nodes
considered in
the
analysis = 1,1
fk No. of circular
and diametrical
nodes
considered in
the
analysis = 1,2
fk No. of circular
and diametrical
nodes
considered in
the
analysis = 2,2
fk No. of circular
and diametrical
nodes
considered in
the
analysis = 2,3
fk No. of circular
and diametrical
nodes
considered in
the
analysis = 2,4
fk No. of circular
and diametrical
nodes
considered in
the
analysis = 2,5
fk Ref. [7]
1,1 136.1 123.6 123.6 123.4 123.3 123.3 123.3
1,2 – 751.1 751.1 623.6 620.4 620.1 620.0
1,3 – – – 2001.8 1585.8 1575.1 1573.7
1,4 – – – – 3937.1 3045.9 3022.3
2,1 – – 297.3 296.6 296.4 296.4 296.3
2,2 – – 1272.0 1016.6 1011.2 1010.2 1004.7
2,3 – – – 2840.1 2207.4 2192.4 2193.1
2,4 – – – – 5122.1 3923.2 3894.5
Fig. 3. Convergence analysis for frequency of different modes with increasing number of diametrical nodes (the numbers in parenthesis denote the number
of circular and diametrical nodes, respectively).
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In this section after verifying the results of Fourier–Bessel derivation with those of variational formulation, the evolution
of the free vibration frequencies as function of the ﬂuid depth are evaluated. The plate is assumed to be made of steel with
radius of 100 mm and thickness of 2 mm. The ﬂuid depth is varied from 5 mm to 100 mm to evaluate its impact on the free
vibration frequencies. The ﬂuid and plate densities are assumed to be 1000 and 7800 kg/m3, respectively.
Table 3 compares the free vibration frequencies evaluated using Fourier–Bessel series and variational formulation for
ﬂuid depth of 100 mm. As could be inferred from this table accounting for ﬂuid added stiffness has no meaningful impact
Table 3
Comparison of the free vibration frequency (Hz) evaluated using Fourier–Bessel series and variational formulation for diametrical and circular nodes of 1–4
(h = 100 mm).
Mode
number
Circular node,
diametrical
node
Fourier–Bessel series Variational formulation Discrepancy (%) Change in the vibration
frequency between dry and
wet plates
Dry plate Wet
plate
Dry plate Wet plate Dry plate Wet plate
Ignoring
ﬂuid
stiffness
Considering
ﬂuid
stiffness
1 1,1 1062.61 578.11 1062.52 578.07 578.07 0.00802 0.00619 45.6
2 1,2 3039.80 2052.61 3038.95 2052.03 2052.03 0.02805 0.02792 32.5
3 1,3 6001.66 4510.50 6000.58 4509.68 4509.68 0.01807 0.01820 24.8
4 1,4 9949.18 8812.09 9947.18 8810.28 8810.28 0.02013 0.02051 11.4
5 2,1 1743.31 1107.84 1743.25 1107.83 1107.83 0.00317 0.00125 36.5
6 2,2 4240.85 3077.72 4253.72 3086.97 3086.97 0.30358 0.30060 27.4
7 2,3 7687.49 6010.41 7685.57 6009.00 6009.01 0.02493 0.02344 21.8
8 2,4 12130.86 10981.00 12127.16 10977.67 10977.67 0.03045 0.03035 9.5
9 3,1 2550.99 1753.16 2551.13 1753.26 1753.27 0.00543 0.00636 31.3
10 3,2 5548.31 4204.67 5546.68 4203.44 4203.44 0.02948 0.02923 24.2
11 3,3 9511.27 7647.44 9508.75 7645.44 7645.45 0.02640 0.02608 19.6
12 3,4 14452.88 13280.64 14448.14 13276.22 13276.22 0.03278 0.03324 8.1
13 4,1 3481.93 2518.79 3481.37 2518.40 2518.40 0.01604 0.01549 27.7
14 4,2 7002.65 5476.53 7001.14 5475.36 5475.36 0.02164 0.02131 21.8
15 4,3 11471.51 9419.59 11468.50 9417.06 9417.06 0.02630 0.02616 17.9
16 4,4 16914.06 15713.01 16908.72 15708.00 15708.00 0.03158 0.03187 7.1
Fig. 4. Evolution of free vibration frequency with number of nodal diameters and circles in dry plate.
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and circular nodes of 1 to 4 reveals that the discrepancy between results of the two approaches is negligible. The discrepancy
between results of the two formulations remains nearly the same for dry and wet plates.
Figs. 4 and 5 depict the evolution of the free vibration frequency for modes corresponding to the different number of cir-
cular and diametrical nodes of dry and wet plates. This shows that at each circular number the largest added mass is for the
case of diametrical node of one. At the same time largest contribution comes from modes with smallest number of circular
and then smallest number of diametrical nodes. For high frequency modes the change in the vibration frequency for the wet
plate is minimal, which shows that ﬂuid-plate interaction does not affect these modes substantially. In other words, coupling
mainly affects the lower free vibration frequencies. This increases the difference between higher and lower frequencies and
consequently reduces the contribution of the higher frequencies in the overall response.
The last column of Table 1 evaluates the change in the vibration frequency for each mode due to presence of the ﬂuid.
Plotting this change in frequency for different modes in Fig. 6 gives an impression that ﬂuid presence has larger impact
on the lower frequencies. Increasing the vibration frequency, there is a continuous decrease in the change of vibration fre-
quency from dry to wet plate. This could be explained by taking into account the ﬂuid velocity distribution of different
modes across container height. Fig. 7 plots ﬂuid velocity vector for different modes. This ﬁgure shows that with the increase
in the frequency lesser portion of the ﬂuid in the container are affected by the plate vibration. In other word, while for ﬁrst
mode (m = 1, n = 1) nearly all of the ﬂuid in the container is affected by the plate induced vibration, for higher modes increas-
ingly larger portion of the ﬂuid in the lower portion of the container remains unaffected by the plate vibration. This reduction
Fig. 5. Evolution of free vibration frequency with number of nodal diameters and circles in dry plate.
Fig. 6. The change in the vibration frequencies of wet and dry plates for different modes.
Fig. 7. Plot of ﬂuid velocity vector for different modes: (a) m = 1, n = 1, (b) m = 1, n = 3, (c) m = 3, n = 1, (d) m = 3, n = 3.
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Table 4
Effect of off-diagonal terms in added mass matrix on the free vibration frequency of wet plate (h = 100 mm).
Mode number Circular node, diametrical node Wet plate Discrepancy (%)
Accounting for off-diagonal terms Ignoring off-diagonal terms
1 1,1 578.11 579.87 0.3
2 1,2 2052.61 1993.88 2.93
3 1,3 4510.50 4366.68 3.2
4 1,4 8812.09 8541.47 3.1
5 2,1 1107.84 1109.66 0.2
6 2,2 3077.72 3051.26 0.8
7 2,3 6010.41 5941.28 1.1
8 2,4 10981.00 10861.51 1.1
9 3,1 1753.16 1754.99 0.1
10 3,2 4204.67 4189.27 0.4
11 3,3 7647.44 7601.60 0.6
12 3,4 13280.64 13213.43 0.5
13 4,1 2518.79 2520.62 0.1
14 4,2 5476.53 5465.98 0.2
15 4,3 9419.59 9386.49 0.4
16 4,4 15713.01 15672.36 0.3
Fig. 8. Comparing free vibration modes shapes of dry and wet plates: (a) m = 1, n = 1, (b) m = 1, n = 2.
236 S. Tariverdilo et al. / Applied Mathematical Modelling 37 (2013) 228–239in the ﬂuid velocity in the lower part of the container reduces the added mass of the ﬂuid and consequently the change in the
associated frequency becomes lesser.
Table 4 compares the free vibration frequency calculated using Fourier–Bessel formulation accounting for and ignoring
off-diagonal terms in added mass matrix. Noting that d and e are diagonal matrices, the off-diagonal terms in the eigenvalue
problem of Eq. (22) are come from added mass matrix g. As it is evident from this table the impact of off-diagonal terms on
Fig. 9. Evolution of free vibration frequency of different modes with ﬂuid depth: (a) m = 1, (b) m = 2 (c) m = 3, (d) m = 4.
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frequencies are less affected by ﬂuid-plate interaction.
Increasing the number of modes considered in the analysis the condition number of matrices e+g and d increases rapidly.
The condition number is deﬁned as the ratio of largest eigenvalue (squared circular frequency) to smallest one and controls
the accuracy of numerical solution when working with a matrix. Increase in the condition number results in the sensitivity of
the numerical solution and even small errors in the numerical method (e.g due to roundoff error) could lead to large errors in
the calculation of the eigenvectors. To avoid this error in the calculation of eigenvectors, it is necessary to adopt a precon-
ditioner [17]. Preconditioner is usually used to reduce the condition number of ill-conditioned matrixes. One of the common
methods to reduce the condition number is diagonal scaling method. In this method a diagonal positive deﬁnite matrix
found so that by pre and post multiplying it in the interested matrix the resulted matrix becomes well-conditioned with low-
er condition number. Fig. 8 compares the two mode shapes corresponding to the circular node of one for wet and dry plates,
where the eigenvectors of the wet plate is calculated employing diagonal scaling as preconditioner [18]. As could be seen
there is small differences between mode shapes of the wet and dry plates. In other words, in agreement with usual assump-
tion [9,19], it is possible to assume that the mode shapes of the dry plate remains applicable for the wet plate as well.
Shown in Fig. 9 are the evolutions of the free vibration frequencies of wet plate with ﬂuid depth. Although in lower depths
the viscosity has a predominant effect on the ﬂuid ﬂow and current potential model will not be applicable, however to derive
the evolution of added mass with ﬂuid depth analyses are done for ﬂuid depth of 5–100 mm. Closeness of the plate to the
rigid boundary in the case of small h increases the added mass of the ﬂuid, which represent itself in the lower frequency of
different modes for this values of hwhen compared to the larger h values. Increase in the added mass due to proximity to the
rigid boundary is a well known behavior (e.g. [13,20,21]). As could be inferred from these ﬁgures for each frequency there is a
threshold ﬂuid depth, where after this threshold there is no change in the frequency of the wet plate with the increase in the
ﬂuid depth. This threshold frequency is smaller for higher frequencies. For range of h/a between 0.2 and 1, the frequencies of
different modes remains unchanged with the variation of the ﬂuid depth. In other word, for usual range of the ﬂuid depth the
free vibration frequencies of the wet plate are not sensitive to the variation in the ﬂuid depth.
6. Conclusion
The effect of ﬂuid-structure interaction on the free vibration frequencies of a circular plate in contact with incompressible
bounded ﬂuid is derived. Because of incompressibility of the ﬂuid, free vibration modes of the wet plate should be asymmet-
ric. Two formulations are used to derive the free vibration frequencies of the coupled model. The ﬁrst formulation uses a
Fourier–Bessel series accounting for compatibility of the deﬂection between plate and the ﬂuid in their interfaces. The
238 S. Tariverdilo et al. / Applied Mathematical Modelling 37 (2013) 228–239second formulation employs a variational principle applied simultaneously on the plate and ﬂuid. Strong correlation is found
between the results of the two formulations. Finally the evolution of the free vibration frequencies of the wet plate with
increasing ﬂuid depth is derived. Results show that for usual range of the ﬂuid depth the free vibration frequencies effec-
tively remain unchanged with small variation in the ﬂuid depth.Appendix
Decomposing plate deﬂection and ﬂuid velocity function using Eqs. (4) and (8), we conclude thatL ¼
Z a
r¼0
Z 2p
h¼0
q
2
X1
k¼1
_Ak wk
 ! X1
l¼1
_Al wl
 !
 D
2
X1
k¼1
Ak wk;rr þ 1r
X1
k¼1
Ak wk;r þ 1r2
X1
k¼1
Ak wk;hh
 !"

X1
l¼1
Al wl;rr þ 1r
X1
l¼1
Al wl;r þ 1r2 um
1
l¼1Al wl;hh
 !#
rdrdhþ
Z a
r¼0
Z 2p
h¼0
qf 
1
2
X1
k¼1
Bk uk;z
 ! X1
l¼1
Bl ul
 !"
þ
X1
k¼1
_Ak wk
 ! X1
l¼1
Bl ul
 !
 g
2
X1
k¼1
Ak wk
 ! X1
l¼1
Al wl
 !#
rdrdh ðA1ÞTaking the variation of the Lagrangian givesdL ¼ 
Z a
r¼0
Z 2p
h¼0
q
X1
k¼1
X1
l¼1
€Ak wk wl þ D
X1
k¼1
X1
l¼1
Ak wk;rr wl;rr þ 1r wk;rr wl;r þ
1
r2
wk;rr wl;hh þ 1r wk;r wl;rr þ
1
r2
wk;r wl;r
"
þ 1
r3
wk;r wl;hh7þ 1r2 wk;hhwl;rr þ
1
r3
wk;hh wl;r þ 1r4 wk;hh wl;hh

þ qf g
X1
k¼1
X1
l¼1
Ak wk wl þ
X1
k¼1
X1
l¼1
_Bk uk wl
 !#
dAlrdrdh
þ
Z a
r¼0
Z 2p
h¼0
qf 
1
2
X1
k¼1
X1
l¼1
Bk uk;z ul  12
X1
k¼1
X1
l¼1
Bk ul;z uk þ
X1
k¼1
X1
l¼1
_Ak wk ul
 !
dBlrdrdh ðA2ÞEquating equal to zero the variation of Lagrangian and rewriting the resulting equation we haveðdp þ dfÞAþ ep €Aþ qf rt _B ¼ 0
 sBþ r _A ¼ 0 ðA3Þwheredp;kl ¼
Z a
r¼0
Z 2p
h¼0
D

wk;rr wl;rr þ 1r wk;rr wl;r þ
1
r2
wk;rr wl;hh þ 1r wk;r wl;rr þ
1
r2
wk;r wl;r
þ 1
r3
wk;r wl;hh þ 1r2 wk;hh wl;rr þ
1
r3
wk;hh wl;r þ 1r4 wk;hh wl;hh

rdrdh
df ;kl ¼
Z a
r¼0
Z 2p
h¼0
qf g wk wlrdrdh
e0kl ¼
Z a
r¼0
Z 2p
h¼0
q wk wlrdrdh
rkl ¼
Z a
r¼0
Z 2p
h¼0
wl ukrdrdh
skl ¼
Z a
r¼0
Z 2p
h¼0
1
2
ð uk ul;z þ ul uk;zÞrdrdh
ðA4ÞReferences
[1] M.K. Kwak, M. Amabili, Hydroelastic vibration of free-edge annular plates, ASME Journal of Vibration and Acoustics 121 (1999) 26–32.
[2] M. Amabili, M.K. Kwak, Vibration of circular plates on ﬂuid surface effect of surface waves, J. Sound Vib. 226 (3) (1999) 407–424.
[3] N.J. Robinson, S.C. Palmer, A model of a rectangular plate ﬂoating on an incompressible liquid, J. Sound Vib. 142 (3) (1990) 453–460.
[4] J.H. Ginsberg, P. Chu, Asymmetric vibration of heavily ﬂuid-loaded circular plate using variational principles, Journal of Acoustic Society of America 91
(2) (1992) 894–906.
[5] M. Esmailzadeh, A.A. Lakis, M. Thomas, L. Marcouiller, Three-dimensional modeling of curved structures containing and/or submerged in ﬂuid, Finite
Element in Analysis and Design 44 (2008) 334–345.
[6] M.K. Kwak, S.-B. Han, Effect of ﬂuid depth on the hydroelastic vibration of free- edge circular plate, J. Sound Vib. 230 (1) (2000) 171–185.
[7] K.-H. Jeong, K.-J. Kim, Hydroelastic vibration of a circular plate submerged in a bounded compressible ﬂuid, J. Sound Vib. 283 (2005) 153–172.
[8] K.-H. Jeong, Free vibration of two identical circular plates coupled with bounded ﬂuid, J. Sound Vib. 260 (2003) 653–670.
[9] F.M. Espinosa, A.G. Gallego-Juarez, On the resonance frequencies of water-loaded circular plate, J. Sound Vib. 94 (1984) 217–222.
[10] D. Zhou, Y.K. Cheung, Vibration of vertical rectangular plate in contact with water on one side, Earthquake Eng. Struct. Dynam. 29 (2000) 693–710.
S. Tariverdilo et al. / Applied Mathematical Modelling 37 (2013) 228–239 239[11] J.R. Cho, H.W. Lee, K.W. Kim, Free vibration analysis of bafﬂed liquid-storage tanks by the structural–acoustic ﬁnite element formulation, J. Sound Vib.
258 (5) (2002) 847–866.
[12] V. Ostasevicius, R. Dauksevicius, R. Gaidys, A. Palevicius, Numerical analysis of ﬂuid–structure interaction effects on vibrations of cantilever
microstructure, J. Sound Vib. 308 (2007) 660–673.
[13] C. Harrison, E. Tavernier, O. Vancauwenberghe, E. Donzier, K. Hsu, A.R.H. Goodwin, F. Marty, B. Mercier, On the response of a resonating plate in a liquid
near a solid wall, Sensors and Actuators A 134 (2007) 414–426.
[14] L. Meirovitch, Principles and Techniques of Vibrations, Prentice-Hall International, 1997.
[15] H. Isshiki, S. Nagata, Variational principles related to motions of an elastic plate ﬂoating on a water surface, in: Proceedings of the Eleventh
International Offshore and Polar Engineering Conference, Stavanger Norway, 2001, pp. 190–197.
[16] P. Kohnke, ANSYS theory, element and command references, release 5.4, SAS IP, 1997.
[17] P. Wriggers, Nonlinear Finite Element Methods, Springer, Berlin, 2008.
[18] G.H. Golub, C.F. van Loan, Matrix Computations, John Hopkins University Press, Baltimore, 1989.
[19] M. Amabili, G. Dalpiaz, C. Santolini, Free-edge circular plates vibrating in water, Modal Analysis, The International Journal of Analytical and
Experimental Modal Analysis 10 (3) (1995) 187–202.
[20] A.I. Korotkin, Added masses of ship structure, Springer Science, 2009.
[21] NCER, A review of added mass and ﬂuid inertial forces, Naval Civil Engineering Report, CR 81.010, 1982.
